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Modeling Fluid-Structure Interaction

José L. Ortiz* and Alan A. Barhorst®
Texas Tech University, Lubbock, Texas 79409-1021

A methodology for modeling the dynamics of a structure interacting with a fluid having a free surface is ad-
dressed. In this context, a structure is either a single rigid container or a rigid container coupled to a flexible
multibody system. All nonlinearities inherent in the dynamics of the structure are taken into account. Two models
used to handle the fluid are described. The first model assumes an incompressible viscous fluid, and the second
utilizes potential flow with modified Rayleigh damping. Nonlinear sloshing effects are considered, and no simpli-
fications are made on the field equations and boundary conditions. The end result of the methodology is a set of
first-order differential equations for the motion of both the structure and the fluid. Emphasis is placed on the
point that the motion of the structure is not prescribed but is found as part of the solution procedure. Numerical
examples and experimental results justifying the approach are presented.

I. Introduction

N the literature, fluid-structure interaction problems involving

a free surface can be classified as follows: 1) rigid containers
carrying a fluid with a free surface, 2) rigid floating bodies, and 3)
submerged rigid bodies moving close to a free surface (see Fig. 1).
However, the majority of solutionsdeal with aknown prescribedmo-
tion for the container or moving body or linearizations on the free
surface. If the fluid is modeled with the Navier-Stokes equations,
numerousstrategieshave as their primary numerical tool either finite
differences,!~® the finite element method (FEM),” or the boundary
element method (BEM).%* When the fluid was modeled with po-
tential flow theory, a handful of investigators used the FEM, %12
whereas many preferred using the BEM with standard numerical
integration procedures !>~

In contrast, there is little published information on the true fluid-
structure interaction problem, including nonlinear sloshing effects,
where true interaction is defined as interaction in which both the
motion of the structure and the motion of the fluid are found in
the numerical procedure. For example, Lui and Lou?® present a
true interaction solution for a one-degree-of-freedan structure, but
sloshing effects are linearized and the structure must have linear
behavior; the solution is expedited via Laplace transforms. Simple
solutions for the case of a rigid floating body are presented in the
literature,'>?%-% as are approximate approaches 3!~

The objective of this work is to model true fluid-structure inter-
action, including nonlinear sloshing effects. In the context of this
paper, a structuremeans either a singlerigid containeror arigid con-
tainer coupled to a complex multibody system, where each body is
either rigid or flexible. All nonlinearities inherent in the dynam-
ics of the structure are taken into account, with no simplifications
made on its behavior; material and geometric nonlinearities in the
flexible bodies can be considered. Two models used to handle the
fluid are described. The first model assumes an incompressible vis-
cous fluid; the second utilizes potential flow with modified Rayleigh
damping. All nonlinearities due to boundary conditions or sloshing
effects are considered. Other incompressible fluid models could be
implemented analogously.

The end result of the methodology introduced herein is a set of
first-order differential equations for the motion of both the struc-
ture and the fluid. Numerical examples and experimental results
justifying the approach are presented.
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II. Mathematical Model

Without loss of generality, the description of the methodology is
provided in connection with the two-dimensional problem shown
in Fig. 1a. The methodology consists of three steps. The first is
to find the equations of motion for the structure as functions of
the interaction pressure (see Fig. 2). The second consists of build-
ing a boundary-valueproblem for the pressure as a function of the
acceleration of the structure. The third step deals with coupling
the pressure solution with the equations of motion of the struc-
ture. No details are given on obtaining the equations of motion for
the structure. These can be found by any suitable methodology,
such as Newton’s method, Lagrange’s method, Hamilton’s princi-
ple, Kane’s approach,’-* or the method presented by Barhorst and
Everett.’’” The first fluid model to be considered assumes incom-
pressible viscous flow.

A. Incompressible Viscous Flow
1. Equation of Motion of the Structure

In general, for the structure shown in Fig. 2, the equations of
motion are a set of coupled ordinary and partial differential equa-
tions. After discretization (FEM, BEM, etc.), these equations take
the form

o))
2)

[M]nxn{U&'}nxl = {R(U&» QS» p)}nxl
{Q‘x}nxl = [C]nxn{U&'}nxl

The U, are generalizedspeeds correspondingto n independentgen-
eralized coordinates Q, describing the configuration of the struc-
ture; [M] and [C] are the mass and kinematic matrices, whereas
{R(Us, Qy, p)}isaload vector that depends on the pressure field p
yet unknown.

2. Field Equation for the Pressure
The Navier-Stokes equation in the fluid domain V, (Fig. 3) is

oV
P(E-i—VVV) =-Vp+pf+pvVV in V, (3
Here, V is the absolute velocity of a fluid particle as observed in the
Newtonian frame N. The density is p, f is the body force per unit
mass, and v is the kinematic viscosity. Assuming that p is constant
and V - f = 0, the combination of these expressions with the zero
divergence condition yields*®
Vip=—pV-(VVV) in V; 4)

3. Boundary Conditions for the Pressure

On the free surface S, the following dynamicboundarycondition
holds:

p=0 on S %)
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Fig. 3 Nomenclature for a two-dimensional fluid domain.

The pressure on S, is set to zero without affecting the dynamics.
Surface tension effects are not considered in this work. On the wet
surface S, a kinematic condition for the local velocity u (as seen
in the moving frame F) holds:

u-n=0 on S, (6)

where n is the normal to the surface and u is found from V =
U+ u + Q x s. Vectors U and Q are the velocity and angular
velocity of the frame F attached to the container; s is the local
position vector (Fig. 3). Differentiating Eq. (6) and combining it
with the Navier-Stokes equation yields
ap .
8—n=p[f—U—Zqu—axs—Qx(st)]~n on S,
M
where the container walls are assumed flat. All terms on the
right-hand side are known except the acceleration U and angular
acceleration ax of the frame F attached to the container. For curved
container walls, there is an additional term involving the radius of
curvature of the wall that is not considered here. Intermediate de-
tails can be found in Ref. 39. Notice that both U and « are functions

of the UX of the structure; therefore, the boundary condition on S,
transforms to

8_p=b+[E]lxn{U&'}nxl (8)

an
where b and the row matrix [ £] are functions of the Q,, the U, the
fluid properties,and the kinematics of the moving frame. As before,
n is the number of generalized coordinates describingthe structure.
All of these parameters are known at the beginning of any time step.
At this point, a crucial fact should be noted: p is a linear field of the
Uj,; therefore, the pressure can be found as a function of the U;.

4. Solution of Pressure Equations

Choosing, for example, the FEM to solve for the pressure field
[Egs. (4), (5), and (8)], the problem transforms into the algebraic
system of equations

[K]mxm{P}mxl = {G}mxl + [B]mxn{U&'}nxl (9)

where column matrix { P} stores m nodal values of the pressure in
the fluid domain. Matrices [K ], {G}, and [ B] appear naturally in the
discretization process. Solving for { P} yields

{P}mxl = {Pﬂ}mxl + [Pl]mxn{U&'}nxl (10)

where [ K] has to be assembled at each time step but computations
are carried out using a standard solver with n + 1 load cases.

5. Coupling the Equations of Structure and Fluid

Building the equations of motion for both structure and fluid
involves coupling Eq. (10) with the equations of motion for the
structure [Eq. (1)].

In Eq. (1), {R} can be split into one column involving the forcing
terms not caused by the pressure p and another term including the
force and moment produced by the pressure. Equation (1) can be
rewritten as

[M]nxn{U&'}nxl = {J}nxl + [D]nx3{E¥FyMz}{x3 (11)

where F,, F,, and M, are the components of the force and moment
acting on the rigid container due to the pressure. In the context of
Kane, matrix [D] involves components of partial velocities 337

The force and moment due to the pressure are found from

(F., F)) =/ pndS (12)
S

w

Mz=k~/sxpndS (13)
s

w

Equations (12) and (13) may be evaluated with the same interpola-
tion functions used in solving the boundary-value problem for the
pressure [Eq. (9)]. Combining the last two equations with Eq. (10)
results in

(FEM = {100 + [Hlz{U b s (14)

and combining this last equation with Eq. (11) leads to

(M alUshuct = 1 b (15)

where
(MY scw =M1y — [Dlux3[Hs (16)
(st = a1 + [Dlusst 1 (17)

Equations (2) and (15) are the desired equations for the coupled
system and can be used with an assortment of integration schemes.
Solving Eqgs. (2) and (15) permits updating the configuration of
the structure. Expressions for updating the configuration of the
fluid—velocity field and position of the free surface—need to be
built.

6. Updating the Free Surface and Velocities
Solvingforthe U; [Eq. (15)] also permits finding the pressure field
using Eq. (10). With the calculated pressure, the accelerations of
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the fluid particles can be found by reusing Navier-Stokes equations
(other alternatives are possible). One expression for updating the
velocity field is

bV

o =(=Vp+pf+pvVV)/p—(V—-c)VV (18)
Vector ¢ dependson the choice made by the analyston where to find
the updated velocity.

The free surface can be updated using either a Lagrangian or an
Eulerian approach. For the latter, the following kinematical condi-
tion holds:

3 3

—=v—u— 19

at v ax (19)
where x is a local coordinate, # and v are the components of the
local velocity u, and &(x, t) describes the free surface position as
seen in the moving frame F'.

7. Recapitulation

LettingY = (Uy, Oy, V, €)T be the configuration of the structure
and the fluid, the set of first-orderequationsof motion for the coupled
system is

Y = F(Y) (20)

where Y and F (Y) are

ot @1
(M1}
[CI{U,}
(=Vp+of+pvVV)/p—(V—-0c)VV
0§

V—uUu—

F(Y) =

The first (top) row of column vector F(Y) is evaluated by solving
for p [Egs. (4), (5), and (8)]. Once the accelerations are found, p
can be retrieved using Eq. (10) and the third row can be evaluated.
The second and fourth rows are kinematic expressions; they are
independent of the accelerations. Setting initial conditions for Y
poses no difficulties.

8. Commentaries

Details on the numerical implementation of this approach and the
implementation of the stream function are the subject of a current
work in progress. However, a numerical singularity (boundary value
for the pressure) at the intersectionof the free surface with the walls
of the container leads to instabilities in updating the free-surface
position. It can be argued that Poisson’s equation for the pressure is
not well posed according to the discussion by Gresho and Sani.*’

B. Potential Flow
1. Motion of the Structure and Velocity Potential

When modeling the fluid as potential flow, the first step is to find
the equations of motion for the structure exactly as for the Navier-
Stokes model [Egs. (1) and (2)]. In addition, an intermediate step
is needed before building the equation for the pressure, namely, to
solve for the velocity potential ¢. The well-known boundary-value
problemis

V=0 in V; (22)
¢ = prescribed on S (23)
ad
8—¢=(U+Q><s)~n on S, (24)
n

where ¢ and the absolute velocity V of fluid particles are related by
V=Ve¢.

2. Solution of Potential Equations
Using BEM to solve for ¢, the discrete equations can be written
as

[K/]m ><m{q)}m x1 = {A}m x 1 (25)

Array {®} stores both nodal values of the potential on the wet sur-
face and nodal values of the normal derivative of the potential on
the free surface. Although the solution for the velocity potential is
independent of the Uy, it must be performed beforehand because
the field and boundary equations for the pressure (as will be shown)
need the current values of the velocities. Velocities are found by
numerically differentiating the values of ¢.

3. Field Equation for the Pressure

Euler’s equation of motion with Rayleigh damping'®?7 is
w1 .
0 ?—}—EV(V Y|=—-Vp+pf—puu in V; (26)

where V is the modulus of V and p is a Rayleigh damping co-
efficient. Notice the use of u instead of V for the damping term
(modified Rayleigh damping). Combining Eq. (26) with the incom-
pressibility condition yields

Vip=—1pV*(V?) in V, 27

This is Poisson’s equationforthe pressure, which can be transformed
into Laplace’s equation for a variable & defined as h = p/p +
(V%/2). Another alternative is to solve Eq. (27) using the BEM
by taking care of transforming all domain integrals into surface
integrals during the evaluation of the load vector.

4. Boundary Conditions for the Pressure
Following the same derivations as for the Navier-Stokes model
and considering an inviscid fluid results in

p=0 on S 28)

and on S, for flat container walls,

) .
8—17=,o[f—U—ZQ><u—a><s—Q><(st)]~n on S,
n
(29)

which analogously transforms into

9 .

L b BN U (30)

on

As before, p is a linear field of the UY

5. Solution of Pressure Equations

Although finding p involves solving a second boundary-value
problem, considerable savings in computer time are possible after
noticing that the problems for ¢ and p have a similar operator in
the field equation and similar types of boundary conditionsover the
same domain. Therefore, the matrix of coefficients in the BEM equa-
tions are the same, and it is practicable to form only the load vector
for the solution for p. The already-factorized matrix of coefficients
[K'] used to solve for the potential ¢ [Eq. (25)] is reused. The BEM
equations for p are

[K/]m ><m{P}m x1 = {G/}m x 1 + [B/]m xn{Uv}n x 1 (31)

where {P} is a column matrix storing the nodal values of p on S,
and the nodal values of the normal derivative of p on S;. Solving
for { P} yields

{P}mxl ={P0}m><l +[Pl]n1xn{Uv}nxl (32)

where [K'] is being reused from the solution for ¢ and the
computations to solve for { Py} and [ P;] are carried out as explained
in Sec. I1.A 4.
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6. Coupling the Equations of Structure and Fluid

The coupling of the boundary solution for p and the equations
of motion for the structure is the same as for the model using
Navier-Stokes equations. An equation similar to Eq. (15) is re-
trieved, and the solution for the U, allows for updating the config-
uration of the structure.

7. Updating the Free Surface and Velocity Potential

Updating the value of the potential on the free surface is
independentof the solution for the U. For the general motion of the
container and Eulerian updating of the free surface, we have

Do _1f(a0\ , (90Y
Dr 2|\ ax dy
_u<8_¢+8_¢§

dx  dy dx

where u is the x component of the local velocity u found from
V¢ = U+u~+ Q xs. Parameters f, and f, are global components
of the body force per unit mass f, X and y are global coordinates of
the free surface, and L is a potential such that VL = u.
When updating the free-surface position using an Eulerian ap-
proach, the following kinematic condition holds:
3 3

=v—u— 4
ot v ”ax (34)

)-i—fx)?-i—fyﬁ—uL (33)

8. Recapitulation
LettingY = (Uy, Oy, ¢, £)7 bethe configuration, the set of equa-
tions of motion is

Y =F(Y) (35)
where Y and F (Y) are
U,
0,
y=| Do
Dt
9
ot
(36)
(M7}
[CHU,}

2 2
1| [ a¢ ) dp  0¢ dE
CRCIREED
+fir)?+fy)?_ul‘
9§

vV—u—

ot
The first row of F(Y) is evaluated by first solving for ¢ and then
solving for p. The third row needs the values of ¢ only. The second
and fourth rows are kinematic expressions. Also, the potential L has
to be found such that VL = u. Initial conditions for ¥ may require
solving for ¢ if the initial V is not zero.

F(Y) =

9. Commentaries

The numerical solution for the velocity potential faces two ac-
quainted problems—the singularity existing in the corner where the
free surface meets the walls*! and the instability of the free-surface
position*? To deal with the first problem, the recommendations in
Grilli and Svendsen'” were followed; and for the second, a smooth-
ing kernel*> was used. Furthermore, values of the kernel for nodes
close to the walls were derived in this work to avoid symmetry as-
sumptions. Taking Fig. 4 as reference, the smoothing kernels are as
follows:

1) away from the wal

—fia+4Afi H10fiH A4S — S
16

1742

f_‘l‘=

i
fi—2 i-1 f; ] f i+ 2
i+ i+ f i+3 f

.

a) Awayfromthewall ~ b) Near the wall c) At the wall

Fig. 4 Position and nomenclature for smoothing kernels: ¢, Kernel
position.

2) near the wall,

3fioi +8fi+6fii1 — fiss
16

ﬁ:

3) at the wall,

M fi+12fi40 —6fiva —4fiss +3fiva
o 16

Potential L introduced in Eq. (33) is a consequence of the intro-
duction of the damping term puu instead of puV in Eq. (26). L
may be replaced by ¢ if the motion of the containeris small. For the
case of no angular velocity of the container, L is given exactly as

L=¢-Ux—-U,y (37

where U, and U, are the components of the absolute frame velocity
in local components. If it is decided to take into account the angular
velocity of the frame, L is to be found from

V’L=0 in V, (38)

E;—f;:(V(/)—U—st)w on S;US, (39)
and arbitrarily fixing the value of L at one point. Notice that the
right-hand side of Eq. (39) is identically zero on the wet surface.
The use of L instead of ¢ guarantees no spurious forces in the
solution. See a discussionin Ref. 39.

In deriving the field equation for the pressure [Eq. (27)], it has
been assumed that the density and body forces are constant. For
variablebody forces, it would be necessaryto find a potential W such
that f = VW and to rebuild Eq. (33) accordingly. An interesting
fact about solving Eq. (27) (or its equivalent Laplace’s form) is
the need to evaluate normal derivatives of V?2/2; this proved to
be cumbersome and greatly influenced the accuracy of the overall
solution.

Another feasible approach to building the coupled equations of
motion is to replace the pressure problemby a boundary-valueprob-
lem for ¢, (Ref. 17), obtaining ¢, as a function of the accelerations
of the container. The pressure could be retrieved using Bernoulli’s
equation.”® Other approximatealternativesdeal with a gross approx-
imation for ¢, or are based on trial-and-erroriterations to obtain the
interaction pressure.

III. Numerical Examples

The examples presented next were prepared by implementing the
methodology using the potential flow model. The BEM was used
with three integration schemes, two explicit and one implicit fifth-
order Runge-Kutta suitable for stiff systems. Both quadratic and
linear elements were employed.

Besides the smoothing routines, two correction procedures were
performed, one for maintaining constant volume and the other for
compatibility of ¢:

a
/ & dx = const, / % ds=0 (40)
s; syus, O

The code was written to handle rectangular containers. A flag in
the data allows for skipping the true interaction and treats the prob-
lem as one with prescribed motion of the container; this was done
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Fig. 6 Container-spring-damper-fluid true interaction.

to validate the flow calculations by comparing the results with other
works foundin the literature. Satisfactoryagreement was found with
Faltinsen,'® Romero and Ingber?’” and Nakayama and Washizu.!!
One validation problemis shown in Fig. 5, which depicts the results
for a prescribed horizontal harmonic motion of the container given
by
g, = Asin[(27/T,)t] (41)
where A = 0.025m and T, = 1.6 s. Also, p = 1000 kg/m?, b =
1.0 m (width of container), # = 0.5 m (undisturbed liquid height),
f =1(0,—9.8) m/s?, and = 0.05 juo; (Ref. 16). Initial conditions
were £ (x, 0) = 0.5 and zero local velocities. Figure 5 shows the plot
of the surface elevation at 0.05 m from the left wall relative to time.

A. Container-Spring-Damper-Fluid True Interaction

The simplest true interaction problem is a rigid container cou-
pled with a spring and a damper in rectilinear horizontal motion
(see Fig. 6). For this case there is only one (n = 1) generalized co-
ordinate g, yetit is a clarifying example. The equations of motion
for the structure [Egs. (1) and (2)] are

Mﬂlz—Cul—qu-i—Fp (42)

(43)

q1 = Uy

where M is the mass of the container (without the fluid), C is a
viscous damping coefficient, K is the spring’s stiffness, and F), is
theinteractionforce dueto the pressure. Solving the boundary values
for ¢ and p [Egs. (22) and (27)] leads to

{P}mxl ={P0}m><l+{Pl}m><lul

[Eq. (32)] and using { Py} and { P, } in Eq. (12) (only the x component
is needed in this problem), it is found that the interaction force is

(44)

F])=FU+F1L.l1 (45)
The coupled equation of motion (15) is
M — Fpu, =—-Cu, — Kq, + F (46)

The data for the container were M = 356 kg, K = 20,000 N/m,
C = 266.83 N-s/m [5% of critical damping 2./(K M)], width
b = 1.0 m, and width perpendicularto the paper E = 1.0 m. The
data for the fluid were p = 1000 kg/m®, f = (0, —9.8) m/s?, and
= 0.05 peie. The initialconditionswere g; = 0.10m, u; = O m/s,
&(x,0) =0.5m (h = 0.50 m), and zero initial fluid local velocities.
Figure 6 shows the plot for g; vs time. A remarkably similar plotcan
be found by using the approximate method of Housner*> in which
the container and fluid are modeled as a two-degree-of-freedom
system.
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Fig.7 Pendulum problem.
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B. Experimental Verification
1. Problem Statement

A rigid-pendulum container was selected for the experimental
verification of the methodology (Figs. 7a and 7b). The equations of
motion are

Iy = —Cuy — gMd sin(q,) — M, — M, @7

G = u (48)
where I and M are the inertia and mass of the pendulum, respec-
tively (without including the fluid), C is a viscous-type damping
coefficient, g is the acceleration of gravity, and d is the position of
the center of mass. M, is a Coulomb friction moment due to the
friction force on the support pin, and M, is the moment due to the
fluid pressure. M, is modeled as

¢) Pin P details

b) Nomenclature

il

Computer ]_

Fig. 8 Experimental setup.

Power supply - Potentiometer My = fd' @ /), f=pW (49)
DAQ Y . . . . . .
where 1/ is a Coulomb friction coefficient (Fig. 7¢), d’ is the radius
¥ of the support pin, and W is either the weight Mg (if the pendulum
Y, has no fluid) or (M + M,)g (if the pendulum has fluid). M, is the
total mass of fluid.
Videotaperecorder
2. Parameter Identification
Directly measured data for the real pendulum were I = 0.4
VCR _I / 3 kg-m?>, M = 195kg,d = 04m,d = 0.0125m, b = 0.098 m,
. Pendulum A E = 0.098 m (container’s width normal to page), g = 9.8 m/s?,
fluid container

and / = 0.543 m. This left only C and p’ for identification. The
identification was performed by running the pendulum with no fluid

roi
t(@

t=0.765

t=0.130

t=0.350

]

Fig. 9 Numerical results: £ = 0.000-0.915.
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and measuring the angular position ¢; vs time (see setup in Fig. 8).
Correspondingly, Eqs. (47) and (48) were solved (setting M, = 0)
for different values of C and w1’ until matching curves between the
numerical and the measured angular positions were obtained. It was
found that C = 0.01 N-m-sand u’' = 0.40.

The known fluid parameters were p = 1000 kg/m® (water with
ink drops) and f = (0, —9.8) m/s?, and the Rayleigh damping
coefficient was estimated to be 0.15 ju.i. The height of undisturbed
fluid was set to 2 = 0.049 m.

3. Numerical Simulation and Experimental Verification

A numerical simulation of the problem was performed with the
initial conditions ¢, = —26 deg, u; = 0, and zero initial fluid
local velocities. Figure 9 shows a comparison between graphs of
the numerical results prepared by an animation code along with
snapshots taken from the experiment during the first second of the
motion. Besides the highly nonlinear behavior, good agreement can
be observed. Beyond 1 s, measured and calculated motion for the
fluid and pendulum are also in good agreement. An interesting fact
is that at approximately 4.0 s, the fluid is completely damped and
the coupled system behaves as a rigid body.

IV. Conclusions

No new contributions have been addressed for modeling the dy-
namics of the fluid or that of the structure, but a new closed-form
methodology for modeling fluid-structure interaction problems is
presented. The solution is expedited by building a boundary-value
problem for the pressure. The crucial feature of this approach is
the linearity of the pressure with respect to the accelerations of the
moving frame attached to the fluid domain. The main characteristics
of this approach are the following.

1) In the context of this work, a structure means either a single
rigid container or a rigid container coupled to a flexible multibody
system. The analyst may model a broad class of problems—road
containers, robots, aircraft, offshore structures, ship motion.

2) Inherent geometric nonlinearities due to the motion of mov-
ing frames attached to bodies are automatically taken into account.
Material and geometric nonlinear effects (large displacements) can
be implemented.

3) Two fluid models are studied. All nonlinearities in the fluid
domain are taken into account. Other fluid models can be imple-
mented. FEM, BEM, and finite differences can be used for solving
for the pressure equations.

4) A modified Rayleigh damping approach is introduced.

5) The end result of the methodology is a set of first-order differ-
ential equations for the motion of both the fluid and the structure.
Diverse integration methods and control laws can be implemented.
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