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Modeling Fluid–Structure Interaction

José L. Ortiz¤ and Alan A. Barhorst†

Texas Tech University, Lubbock, Texas 79409-1021

A methodology for modeling the dynamics of a structure interacting with a � uid having a free surface is ad-
dressed. In this context, a structure is either a single rigid container or a rigid container coupled to a � exible
multibody system. All nonlinearities inherent in the dynamics of the structure are taken into account. Two models
used to handle the � uid are described. The � rst model assumes an incompressible viscous � uid, and the second
utilizes potential � ow with modi� ed Rayleigh damping. Nonlinear sloshing effects are considered, and no simpli-
� cations are made on the � eld equations and boundary conditions. The end result of the methodology is a set of
� rst-order differential equations for the motion of both the structure and the � uid. Emphasis is placed on the
point that the motion of the structure is not prescribed but is found as part of the solution procedure. Numerical
examples and experimental results justifying the approach are presented.

I. Introduction

I N the literature, � uid–structure interaction problems involving
a free surface can be classi� ed as follows: 1) rigid containers

carrying a � uid with a free surface, 2) rigid � oating bodies, and 3)
submerged rigid bodies moving close to a free surface (see Fig. 1).
However, themajorityofsolutionsdealwith a knownprescribedmo-
tion for the container or moving body or linearizations on the free
surface. If the � uid is modeled with the Navier–Stokes equations,
numerousstrategieshave as theirprimarynumericaltooleither � nite
differences,1¡6 the � nite element method (FEM),7 or the boundary
element method (BEM).8;9 When the � uid was modeled with po-
tential � ow theory, a handful of investigators used the FEM,10¡12

whereas many preferred using the BEM with standard numerical
integration procedures.13¡27

In contrast, there is little published information on the true � uid–

structure interaction problem, including nonlinear sloshing effects,
where true interaction is de� ned as interaction in which both the
motion of the structure and the motion of the � uid are found in
the numerical procedure. For example, Lui and Lou28 present a
true interaction solution for a one-degree-of-freedom structure, but
sloshing effects are linearized and the structure must have linear
behavior; the solution is expedited via Laplace transforms. Simple
solutions for the case of a rigid � oating body are presented in the
literature,13;29;30 as are approximate approaches.31¡34

The objective of this work is to model true � uid–structure inter-
action, including nonlinear sloshing effects. In the context of this
paper, a structuremeans either a single rigid containeror a rigid con-
tainer coupled to a complex multibody system, where each body is
either rigid or � exible. All nonlinearities inherent in the dynam-
ics of the structure are taken into account, with no simpli� cations
made on its behavior; material and geometric nonlinearities in the
� exible bodies can be considered. Two models used to handle the
� uid are described.The � rst model assumes an incompressiblevis-
cous � uid; the secondutilizespotential � ow with modi� ed Rayleigh
damping. All nonlinearitiesdue to boundary conditionsor sloshing
effects are considered. Other incompressible � uid models could be
implemented analogously.

The end result of the methodology introduced herein is a set of
� rst-order differential equations for the motion of both the struc-
ture and the � uid. Numerical examples and experimental results
justifying the approach are presented.
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II. Mathematical Model
Without loss of generality, the description of the methodology is

provided in connection with the two-dimensional problem shown
in Fig. 1a. The methodology consists of three steps. The � rst is
to � nd the equations of motion for the structure as functions of
the interaction pressure (see Fig. 2). The second consists of build-
ing a boundary-valueproblem for the pressure as a function of the
acceleration of the structure. The third step deals with coupling
the pressure solution with the equations of motion of the struc-
ture. No details are given on obtaining the equations of motion for
the structure. These can be found by any suitable methodology,
such as Newton’s method, Lagrange’s method, Hamilton’s princi-
ple, Kane’s approach,35;36 or the method presented by Barhorst and
Everett.37 The � rst � uid model to be considered assumes incom-
pressible viscous � ow.

A. Incompressible Viscous Flow
1. Equation of Motion of the Structure

In general, for the structure shown in Fig. 2, the equations of
motion are a set of coupled ordinary and partial differential equa-
tions. After discretization (FEM, BEM, etc.), these equations take
the form

[M]n £ nf PUsgn £ 1 D fR.Us; Qs; p/gn £ 1 (1)

f PQsgn £ 1 D [C]n £ nfUsgn £ 1 (2)

The Us are generalizedspeeds correspondingto n independentgen-
eralized coordinates Qs describing the con� guration of the struc-
ture; [M] and [C] are the mass and kinematic matrices, whereas
fR.Us; Qs; p/g is a load vector that depends on the pressure � eld p
yet unknown.

2. Field Equation for the Pressure
The Navier–Stokes equation in the � uid domain V f (Fig. 3) is

½
@V
@t

C VrV D ¡r p C ½ f C ½ºr2V in V f (3)

Here, V is the absolute velocity of a � uid particle as observed in the
Newtonian frame N . The density is ½; f is the body force per unit
mass, and º is the kinematic viscosity. Assuming that ½ is constant
and r ¢ f D 0, the combination of these expressions with the zero
divergence condition yields38

r2 p D ¡½r ¢ .VrV/ in V f (4)

3. Boundary Conditions for the Pressure
On the freesurface S f , the followingdynamicboundarycondition

holds:

p D 0 on S f (5)
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a) Multibody and rigid container

b) Floating rigid body

c) Submerged rigid body

Fig. 1 Some � uid–structure interaction problems.

Fig. 2 Structure free-body diagram.

Fig. 3 Nomenclature for a two-dimensional � uid domain.

The pressure on S f is set to zero without affecting the dynamics.
Surface tension effects are not considered in this work. On the wet
surface Sw , a kinematic condition for the local velocity u (as seen
in the moving frame F ) holds:

u ¢ n D 0 on Sw (6)

where n is the normal to the surface and u is found from V D
U C u C X £ s. Vectors U and X are the velocity and angular
velocity of the frame F attached to the container; s is the local
position vector (Fig. 3). Differentiating Eq. (6) and combining it
with the Navier–Stokes equation yields

@p

@n
D ½[ f ¡ PU ¡ 2X £ u ¡ ® £ s ¡ Ä £ .Ä £ s/] ¢ n on Sw

(7)
where the container walls are assumed � at. All terms on the
right-hand side are known except the acceleration PU and angular
acceleration ® of the frame F attached to the container. For curved
container walls, there is an additional term involving the radius of
curvature of the wall that is not considered here. Intermediate de-
tails can be found in Ref. 39. Notice that both PU and ® are functions

of the PUs of the structure; therefore, the boundary condition on Sw

transforms to
@p

@n
D b C [E]1 £ nf PUsgn £ 1 (8)

where b and the row matrix [E] are functions of the Qs , the Us , the
� uid properties,and the kinematicsof the moving frame. As before,
n is the number of generalizedcoordinatesdescribingthe structure.
All of these parameters are known at the beginningof any time step.
At this point, a crucial fact should be noted: p is a linear � eld of the
PUs ; therefore, the pressure can be found as a function of the PUs .

4. Solution of Pressure Equations
Choosing, for example, the FEM to solve for the pressure � eld

[Eqs. (4), (5), and (8)], the problem transforms into the algebraic
system of equations

[K ]m £ m fPgm £ 1 D fGgm £ 1 C [B]m £ nf PUsgn £ 1 (9)

where column matrix fPg stores m nodal values of the pressure in
the � uid domain. Matrices [K ], fGg, and [B] appear naturally in the
discretizationprocess. Solving for fPg yields

fPgm £ 1 D fP0gm £ 1 C [P1]m £ nf PUsgn £ 1 (10)

where [K ] has to be assembled at each time step but computations
are carried out using a standard solver with n C 1 load cases.

5. Coupling the Equations of Structure and Fluid
Building the equations of motion for both structure and � uid

involves coupling Eq. (10) with the equations of motion for the
structure [Eq. (1)].

In Eq. (1), fRg can be split into one column involving the forcing
terms not caused by the pressure p and another term including the
force and moment produced by the pressure. Equation (1) can be
rewritten as

[M]n £ nf PUsgn £ 1 D fJ gn £ 1 C [D]n £ 3fFx Fy MzgT
1 £ 3 (11)

where Fx ; Fy , and Mz are the components of the force and moment
acting on the rigid container due to the pressure. In the context of
Kane, matrix [D] involves components of partial velocities.35¡37

The force and moment due to the pressure are found from

.Fx ; Fy/ D
Sw

pn dS (12)

Mz D k ¢
Sw

s £ pn dS (13)

Equations (12) and (13) may be evaluated with the same interpola-
tion functions used in solving the boundary-value problem for the
pressure [Eq. (9)]. Combining the last two equations with Eq. (10)
results in

fFx Fy MzgT
1 £ 3 D fI g3 £ 1 C [H ]3 £ nf PUsgn £ 1 (14)

and combining this last equation with Eq. (11) leads to

[M 0]n £ nf PUs gn £ 1 D fJ 0gn £ 1 (15)

where

[M 0]n £ n D [M ]n £ n ¡ [D]n £ 3[H ]3 £ n (16)

fJ 0gn £ 1 D fJ gn £ 1 C [D]n £ 3fI g3 £ 1 (17)

Equations (2) and (15) are the desired equations for the coupled
system and can be used with an assortment of integration schemes.
Solving Eqs. (2) and (15) permits updating the con� guration of
the structure. Expressions for updating the con� guration of the
� uid—velocity � eld and position of the free surface—need to be
built.

6. Updating the Free Surface and Velocities
Solvingfor the PUs [Eq. (15)] also permits� nding thepressure� eld

using Eq. (10). With the calculated pressure, the accelerations of
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the � uid particles can be found by reusing Navier–Stokes equations
(other alternatives are possible). One expression for updating the
velocity � eld is

DV
Dt

D .¡r p C ½ f C ½ºr2V/=½ ¡ .V ¡ c/rV (18)

Vector c dependson the choice made by the analyston where to � nd
the updated velocity.

The free surface can be updated using either a Lagrangian or an
Eulerian approach. For the latter, the following kinematical condi-
tion holds:

@»

@t
D v ¡ u

@»

@x
(19)

where x is a local coordinate, u and v are the components of the
local velocity u, and ».x; t/ describes the free surface position as
seen in the moving frame F .

7. Recapitulation
Letting Y D .Us; Qs; V; » /T be the con� guration of the structure

and the� uid, the setof � rst-orderequationsofmotionfor thecoupled
system is

PY D F.Y/ (20)

where PY and F.Y/ are

PY D

PUs

PQs

DV
Dt
@»

@t

F.Y/ D

[M 0]¡1fJ 0g
[C]fUsg

.¡r p C ½ f C ½ºr2V/=½ ¡ .V ¡ c/rV

v ¡ u
@»

@ x

(21)

The � rst (top) row of column vector F.Y/ is evaluated by solving
for p [Eqs. (4), (5), and (8)]. Once the accelerations are found, p
can be retrieved using Eq. (10) and the third row can be evaluated.
The second and fourth rows are kinematic expressions; they are
independent of the accelerations. Setting initial conditions for Y
poses no dif� culties.

8. Commentaries
Details on the numerical implementationof this approachand the

implementation of the stream function are the subject of a current
work in progress.However, a numericalsingularity(boundaryvalue
for the pressure) at the intersectionof the free surface with the walls
of the container leads to instabilities in updating the free-surface
position. It can be argued that Poisson’s equation for the pressure is
not well posed according to the discussion by Gresho and Sani.40

B. Potential Flow
1. Motion of the Structure and Velocity Potential

When modeling the � uid as potential � ow, the � rst step is to � nd
the equations of motion for the structure exactly as for the Navier–
Stokes model [Eqs. (1) and (2)]. In addition, an intermediate step
is needed before building the equation for the pressure, namely, to
solve for the velocity potential Á. The well-known boundary-value
problem is

r2Á D 0 in V f (22)

Á D prescribed on S f (23)

@Á

@n
D .U C Ä £ s/ ¢ n on Sw (24)

where Á and the absolute velocity V of � uid particles are related by
V D rÁ.

2. Solution of Potential Equations
Using BEM to solve for Á, the discrete equations can be written

as

[K 0]m £ m f8gm £ 1 D fAgm £ 1 (25)

Array f8g stores both nodal values of the potential on the wet sur-
face and nodal values of the normal derivative of the potential on
the free surface. Although the solution for the velocity potential is
independent of the PUs , it must be performed beforehand because
the � eld and boundary equations for the pressure (as will be shown)
need the current values of the velocities. Velocities are found by
numerically differentiating the values of Á.

3. Field Equation for the Pressure
Euler’s equation of motion with Rayleigh damping16;27 is

½
@V
@t

C
1

2
r.V 2/ D ¡r p C ½ f ¡ ½¹u in V f (26)

where V is the modulus of V and ¹ is a Rayleigh damping co-
ef� cient. Notice the use of u instead of V for the damping term
(modi� ed Rayleigh damping). Combining Eq. (26) with the incom-
pressibility condition yields

r2 p D ¡ 1
2 ½r2.V 2/ in V f (27)

This is Poisson’s equationfor thepressure,whichcanbe transformed
into Laplace’s equation for a variable h de� ned as h D p=½ C
.V 2=2/. Another alternative is to solve Eq. (27) using the BEM
by taking care of transforming all domain integrals into surface
integrals during the evaluation of the load vector.

4. Boundary Conditions for the Pressure
Following the same derivations as for the Navier–Stokes model

and considering an inviscid � uid results in

p D 0 on S f (28)

and on Sw for � at container walls,

@p

@n
D ½[ f ¡ PU ¡ 2X £ u ¡ ® £ s ¡ X £ .X £ s/] ¢ n on Sw

(29)
which analogously transforms into

@p

@n
D b0 C [E 0]1 £ nf PUsgn £ 1 (30)

As before, p is a linear � eld of the PUs .

5. Solution of Pressure Equations
Although � nding p involves solving a second boundary-value

problem, considerable savings in computer time are possible after
noticing that the problems for Á and p have a similar operator in
the � eld equation and similar types of boundary conditionsover the
same domain.Therefore,thematrix of coef� cients in the BEM equa-
tions are the same, and it is practicable to form only the load vector
for the solution for p. The already-factorizedmatrix of coef� cients
[K 0] used to solve for the potentialÁ [Eq. (25)] is reused. The BEM
equations for p are

[K 0]m £ mfPgm £ 1 D fG 0gm £ 1 C [B 0]m £ nf PUsgn £ 1 (31)

where fPg is a column matrix storing the nodal values of p on Sw

and the nodal values of the normal derivative of p on S f . Solving
for fPg yields

fPgm £ 1 D fP0gm £ 1 C [P1]m £ nf PUsgn £ 1 (32)

where [K 0] is being reused from the solution for Á and the
computations to solve for fP0g and [P1] are carried out as explained
in Sec. II.A.4.
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6. Coupling the Equations of Structure and Fluid
The coupling of the boundary solution for p and the equations

of motion for the structure is the same as for the model using
Navier–Stokes equations. An equation similar to Eq. (15) is re-
trieved, and the solution for the PUs allows for updating the con� g-
uration of the structure.

7. Updating the Free Surface and Velocity Potential
Updating the value of the potential on the free surface is

independentof the solution for the PUs . For the generalmotion of the
container and Eulerian updating of the free surface, we have

DÁ

Dt
D 1

2

@Á

@x

2

C @Á

@y

2

¡ u
@Á

@x
C

@Á

@y

@»

@x
C fx Ox C f y Oy ¡ ¹L (33)

where u is the x component of the local velocity u found from
rÁ D U C u C Ä £ s. Parameters fx and f y are global components
of the body force per unit mass f , Ox and Oy are global coordinatesof
the free surface, and L is a potential such that rL D u.

When updating the free-surface position using an Eulerian ap-
proach, the following kinematic condition holds:

@»

@t
D v ¡ u

@»

@x
(34)

8. Recapitulation
LettingY D .Us; Qs; Á; »/T be the con� guration,the set of equa-

tions of motion is

PY D F.Y/ (35)

where PY and F.Y/ are

PY D

PUs

PQs

DÁ

Dt
@»

@t
(36)

F.Y/ D

[M 0]¡1fJ 0g
[C]fUsg

1

2

@Á

@x

2

C @Á

@y

2

¡ u
@Á

@x
C @Á

@y

@»

@x

C fx Ox C fy Oy ¡ ¹L

v ¡ u
@»

@t

The � rst row of F.Y/ is evaluated by � rst solving for Á and then
solving for p. The third row needs the values of Á only. The second
and fourth rows are kinematic expressions.Also, the potential L has
to be found such that rL D u. Initial conditions for Y may require
solving for Á if the initial V is not zero.

9. Commentaries
The numerical solution for the velocity potential faces two ac-

quainted problems—the singularity existing in the corner where the
free surface meets the walls41 and the instability of the free-surface
position.42 To deal with the � rst problem, the recommendations in
Grilli and Svendsen17 were followed; and for the second, a smooth-
ing kernel42 was used. Furthermore, values of the kernel for nodes
close to the walls were derived in this work to avoid symmetry as-
sumptions. Taking Fig. 4 as reference, the smoothing kernels are as
follows:

1) away from the wall,42

Nfi D
¡ fi ¡ 2 C 4 fi ¡ 1 C 10 fi C 4 fi C 1 ¡ fi C 2

16

a)Awayfrom thewall b) Near the wall c) At the wall

Fig. 4 Position and nomenclature for smoothing kernels: , Kernel
position.

2) near the wall,

Nfi D
3 fi ¡ 1 C 8 fi C 6 fi C 1 ¡ fi C 3

16

3) at the wall,

Nfi D 11 fi C 12 fi C 1 ¡ 6 fi C 2 ¡ 4 fi C 3 C 3 fi C 4

16

Potential L introduced in Eq. (33) is a consequenceof the intro-
duction of the damping term ½¹u instead of ½¹V in Eq. (26). L
may be replacedby Á if the motion of the container is small. For the
case of no angular velocity of the container, L is given exactly as

L D Á ¡ Ux x ¡ Uy y (37)

where Ux and Uy are the componentsof the absolute frame velocity
in local components. If it is decided to take into account the angular
velocity of the frame, L is to be found from

r2 L D 0 in V f (38)

@L

@n
D .rÁ ¡ U ¡ X £ s/ ¢ n on S f [ Sw (39)

and arbitrarily � xing the value of L at one point. Notice that the
right-hand side of Eq. (39) is identically zero on the wet surface.
The use of L instead of Á guarantees no spurious forces in the
solution. See a discussion in Ref. 39.

In deriving the � eld equation for the pressure [Eq. (27)], it has
been assumed that the density and body forces are constant. For
variablebody forces,it would be necessaryto � nd a potential9 such
that f D r9 and to rebuild Eq. (33) accordingly. An interesting
fact about solving Eq. (27) (or its equivalent Laplace’s form) is
the need to evaluate normal derivatives of V 2=2; this proved to
be cumbersome and greatly in� uenced the accuracy of the overall
solution.

Another feasible approach to building the coupled equations of
motion is to replace the pressureproblemby a boundary-valueprob-
lem for Át (Ref. 17), obtaining Át as a function of the accelerations
of the container. The pressure could be retrieved using Bernoulli’s
equation.13 Other approximatealternativesdealwith a grossapprox-
imation for Át or are based on trial-and-erroriterations to obtain the
interaction pressure.

III. Numerical Examples
The examples presentednext were preparedby implementing the

methodology using the potential � ow model. The BEM was used
with three integration schemes, two explicit and one implicit � fth-
order Runge–Kutta suitable for stiff systems. Both quadratic and
linear elements were employed.

Besides the smoothing routines, two correction procedures were
performed, one for maintaining constant volume and the other for
compatibility of Á:

S f

» dx D const;
S f [ Sw

@Á

@n
dS D 0 (40)

The code was written to handle rectangular containers. A � ag in
the data allows for skipping the true interactionand treats the prob-
lem as one with prescribed motion of the container; this was done
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Fig. 5 Prescribed container motion: validation of � ow solution.

Fig. 6 Container–spring–damper–� uid true interaction.

to validate the � ow calculationsby comparing the results with other
works foundin the literature.Satisfactoryagreementwas foundwith
Faltinsen,16 Romero and Ingber,27 and Nakayama and Washizu.11

One validationproblemis shown in Fig. 5, which depicts the results
for a prescribed horizontal harmonic motion of the container given
by

q1 D A sin[.2¼=Tp/t ] (41)

where A D 0:025 m and Tp D 1:6 s. Also, ½ D 1000 kg/m3, b D
1:0 m (width of container), h D 0:5 m (undisturbed liquid height),
f D .0; ¡9:8/ m/s2, and ¹ D 0:05 ¹crit (Ref. 16). Initial conditions
were ».x; 0/ D 0:5 and zero local velocities.Figure 5 shows the plot
of the surface elevation at 0:05 m from the left wall relative to time.

A. Container–Spring–Damper–Fluid True Interaction
The simplest true interaction problem is a rigid container cou-

pled with a spring and a damper in rectilinear horizontal motion
(see Fig. 6). For this case there is only one (n D 1) generalized co-
ordinate q1, yet it is a clarifying example. The equations of motion
for the structure [Eqs. (1) and (2)] are

M Pu1 D ¡Cu1 ¡ K q1 C Fp (42)

Pq1 D u1 (43)

where M is the mass of the container (without the � uid), C is a
viscous damping coef� cient, K is the spring’s stiffness, and Fp is
the interactionforcedue to thepressure.Solvingthe boundaryvalues
for Á and p [Eqs. (22) and (27)] leads to

fPgm £ 1 D fP0gm £ 1 C fP1gm £ 1 Pu1 (44)

[Eq. (32)] and using fP0g and fP1g in Eq. (12) (only the x component
is needed in this problem), it is found that the interaction force is

Fp D F0 C F1 Pu1 (45)

The coupled equation of motion (15) is

.M ¡ F1/ Pu1 D ¡Cu1 ¡ K q1 C F0 (46)

The data for the container were M D 356 kg, K D 20,000 N/m,
C D 266:83 N ¢ s/m [5% of critical damping 2

p
.K M/], width

b D 1:0 m, and width perpendicular to the paper E D 1:0 m. The
data for the � uid were ½ D 1000 kg/m3, f D .0; ¡9:8/ m/s2 , and
¹ D 0:05 ¹crit . The initialconditionswere q1 D 0:10 m, u1 D 0 m/s,
».x; 0/ D 0:5 m (h D 0:50 m), and zero initial � uid local velocities.
Figure 6 shows the plot for q1 vs time. A remarkablysimilar plot can
be found by using the approximate method of Housner43 in which
the container and � uid are modeled as a two-degree-of-freedom
system.
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a) Pendulum b) Nomenclature c) Pin P details

Fig. 7 Pendulum problem.

Fig. 8 Experimental setup.

Fig. 9 Numerical results: t = 0.000–0.915.

B. Experimental Veri� cation
1. Problem Statement

A rigid-pendulum container was selected for the experimental
veri� cation of the methodology (Figs. 7a and 7b). The equations of
motion are

I Pu1 D ¡Cu1 ¡ gMd sin.q1/ ¡ M¹0 ¡ M p (47)

Pq1 D u1 (48)

where I and M are the inertia and mass of the pendulum, respec-
tively (without including the � uid), C is a viscous-type damping
coef� cient, g is the acceleration of gravity, and d is the position of
the center of mass. M¹0 is a Coulomb friction moment due to the
friction force on the support pin, and M p is the moment due to the
� uid pressure. M¹0 is modeled as

M¹0 D f d 0.u1=ju1j/; f D ¹0W (49)

where ¹0 is a Coulomb friction coef� cient (Fig. 7c), d 0 is the radius
of the support pin, and W is either the weight Mg (if the pendulum
has no � uid) or .M C Ml /g (if the pendulum has � uid). Ml is the
total mass of � uid.

2. Parameter Identi� cation
Directly measured data for the real pendulum were I D 0:4

kg ¢ m2 , M D 1:95 kg, d D 0:4 m, d 0 D 0:0125 m, b D 0:098 m,
E D 0:098 m (container’s width normal to page), g D 9:8 m/s2,
and l D 0:543 m. This left only C and ¹0 for identi� cation. The
identi� cation was performedby running the pendulumwith no � uid
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and measuring the angular position q1 vs time (see setup in Fig. 8).
Correspondingly,Eqs. (47) and (48) were solved (setting Mp D 0)
for different values of C and ¹0 until matching curves between the
numerical and the measured angular positionswere obtained. It was
found that C D 0:01 N ¢ m ¢ s and ¹0 D 0:40.

The known � uid parameters were ½ D 1000 kg/m3 (water with
ink drops) and f D .0; ¡9:8/ m/s2, and the Rayleigh damping
coef� cient was estimated to be 0:15 ¹crit . The height of undisturbed
� uid was set to h D 0:049 m.

3. Numerical Simulation and Experimental Veri� cation
A numerical simulation of the problem was performed with the

initial conditions q1 D ¡26 deg, u1 D 0, and zero initial � uid
local velocities. Figure 9 shows a comparison between graphs of
the numerical results prepared by an animation code along with
snapshots taken from the experiment during the � rst second of the
motion. Besides the highly nonlinearbehavior, good agreement can
be observed. Beyond 1 s, measured and calculated motion for the
� uid and pendulum are also in good agreement. An interesting fact
is that at approximately 4.0 s, the � uid is completely damped and
the coupled system behaves as a rigid body.

IV. Conclusions
No new contributionshave been addressed for modeling the dy-

namics of the � uid or that of the structure, but a new closed-form
methodology for modeling � uid–structure interaction problems is
presented. The solution is expedited by building a boundary-value
problem for the pressure. The crucial feature of this approach is
the linearity of the pressure with respect to the accelerationsof the
moving frame attachedto the � uid domain.The main characteristics
of this approach are the following.

1) In the context of this work, a structure means either a single
rigid container or a rigid container coupled to a � exible multibody
system. The analyst may model a broad class of problems—road
containers, robots, aircraft, offshore structures, ship motion.

2) Inherent geometric nonlinearities due to the motion of mov-
ing frames attached to bodies are automatically taken into account.
Material and geometric nonlinear effects (large displacements) can
be implemented.

3) Two � uid models are studied. All nonlinearities in the � uid
domain are taken into account. Other � uid models can be imple-
mented. FEM, BEM, and � nite differences can be used for solving
for the pressure equations.

4) A modi� ed Rayleigh damping approach is introduced.
5) The end result of the methodology is a set of � rst-order differ-

ential equations for the motion of both the � uid and the structure.
Diverse integration methods and control laws can be implemented.
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